In this paper we present the algorithms for calculating the differential geometric properties {t, n, b 1 , b 2 , b 3 , κ 1 , κ 2 , κ 3 , κ 4 }, geodesic curvature and geodesic torsion of the transversal intersection curve of four hypersurfaces (given by parametric representation) in Euclidean space R 5 . In transversal intersection the normals of the surfaces at the intersection point are linearly independent, while as in nontransversal intersection the normals of the surfaces at the intersection point are linearly dependent.
Introduction
The surface-surface intersection problem is a fundamental process needed in modeling shapes in CAD/CAM system. It is useful in the representation of the design of complex objects and animations. The two types of surfaces most used in geometric designing are parametric and implicit surfaces. For that reason different methods have been given for either parametric-parametric or implicit-implicit surface intersection curves in R 3 . The numerical marching method is the most widely used method for computing the intersection curves in R 3 and R 4 . The marching method involves generation of sequences of points of an intersection curve in the direction prescribed by the local geometry (Bajaj et al., 1988; Patrikalakis, 1993) . To compute the intersection curve with precision and efficiency, approaches of superior order are necessary, that is, they are needed to obtain the geometric properties of the intersection curves. While differential geometry of a parametric curve in R 3 can be found in textbooks such as Struik(1950) , Willmore (1959) , Stoker (1969) , Spivak (1975) , do Carmo (1976) , differential geometry of a parametric curve in R n can be found in the textbook such as in klingenberg (1978) and in the contemporary literature on Geometric Modelling (Farin, 2002; Hoschek and Lasser 1993), but there is only a scarce of literature on the differential geometry of intersection curves. Willmore (1959) and Aléssio (2006) presented algorithms to obtain the unit tangent, unit principle normal, unit binormal, curvature and torsion of the transversal intersection curve of two implicit surfaces. Hartmann (1996) provided formulas for computing the curvature of the intersection curves for all types of intersection problems in R 3 . Ye and Maekawa (1999) presented algorithms for computing the differential geometric properties of both transversal and tangential intersection curves of two surfaces. Aléssio (2009) . The Darboux frame is obtained by using the Gram-Schmidt orthogonalization process. In this paper we extended the methods of Mustufa Düldül [8] , to obtain the Frenet frame {t, n, b 1 , b 2 , b 3 } and curvatures {κ 1 , κ 2 , κ 3 , κ 4 } of transversal intersection curve of four parametric hypersurfaces in R 5 . In section 2 we introduce some notations and reviews of the differential geometry of curves and surfaces in R 5 . In section 3 we find the formulas for computing the properties of transversal intersection of four parametric hypersurfaces in R 5 . In section 4 we derive the formulas for obtaining the geodesic curvature and geodesic torsion of the intersecting curve with respect to four hypersurfaces. Finally, to be more constructive we present an example in section 5. Moreover in addition to the use of classical results of differential geometry we will also make use of Matlab/Mathematica.
Preliminaries
Definition 2.1. Let e 1 , e 2 , e 3 , e 4 , e 5 be the standard basis of five dimensional Euclidean space E 5 . The vector product of the vectors 
Where t, n, b 1 , b 2 and b 3 denote the tangent, the principal normal, the first binormal, the second binormal and third binormal vector fields. The normal vector n is the normalised acceleration vector α ′′ . The unit vector b 1 is determined such that n ′ can be decomposed into two components, a tangent one in the direction of t and a normal one in the direction of b 1 . The unit vector b 2 is determined such that b ′ 1 can be decomposed into two components, a normal one and b 2 . The unit vector b 3 is the unique unit vector field perpendicular to four dimensional subspace {t, n, b 1 , b 2 }. The functions κ 1 , κ 2 , κ 3 and κ 4 are the first, second, third and fourth curvatures of α(s). The first, second, third and fourth curvatures measures how rapidly the curve pulls away in a neighbourhood of s, from the tangent line, from planar curve, from three dimensional curve and from the four dimensional curve at s, respectively. Now, using the Frenet Frame we have the derivatives of α as
Also since Φ is regular, the partial derivatives
Thus, the unit normal vector of Φ is given by
Furthermore, the first, second, and the third binormal vectors of the curve are given by
and the curvatures are obtained with
On the other hand, since the curve α(s) lies on Φ, we may write
We then have α
The curvature of the transversal intersection of hypersurfaces
Let R 1 , R 2 , R 3 and R 4 be four regular transversally intersecting hypersurfaces given by parametric equations
. Then the unit normal vector of these hypersurfaces are
Since the intersection is transversal, the normal vectors of these hypersurfaces at the intersection points are linearly independent, i.e.,
It is assumed that the intersection is a smooth curve say α, in E 5 . Let the intersection curve α be parameterised by arc lenght function s. Then, at the intersection point α(s 0 ) = P, the unit tangent vector t of the intersection curve α can be found by the vector product of the normal vectors at P. 
First curvature of the transversal intersection curve
Now, we find the first curvature of the intersection curve at P. Since t ′ is orthogonal to t, we may write
Thus, we need to calculate the scalars a i to find α ′′ . If we take the dot product of both hand sides of (14) with N i , we have
and , is the scalar product. Hence we must compute κ 1 n , κ 2 n , κ 3 n , κ 4 n at P to find the scalars a i On using (9), we obtain
Where Π i lm , l, m = 1, 2, 3, 4 are the second fundamental form coefficients of the hypersurfaces Φ i . Since the unit tangent is known from (13) and
, the scalar multiplication of both hand sides of (8) with Φ i 1 , Φ i 2 , Φ i 3 and Φ i 4 , respectively yields a linear system of four equations as (17) with respect to u be solved for a 1 , a 2 , a 3 and a 4 .Thus the first curvature of the intersection curve at P is obtained from (14) and the first equation of (7). 
Second curvature
To compute the second curvature we have to find the third derivative of the intersection curve α. 5 Since N i , i = 1, 2, 3, 4 are orthogonal to t, we may write
Taking the dot product of both hand sides of above equation with N i , we obtain
Where 
Then we have
Which gives us required derivatives. Thus from (20), we find the values of µ i , which finally helps us to find the value of c i in system (19) . Thus the second curvature can be found from the second equation of (7), untill we find b 1 . On using (7) we obtain κ
Third curvature
To find the third curvature, we need to find the fourth derivative of the intersection curve α at P. Since N i is orthogonal to t, we may write
6
Taking the dot product of (23) with N 1 , N 2 , N 3 and N 4 , we get
Where ξ i = α (4) , N i , i = 1, 2, 3, 4 and d i ∈ R Now to find d i we have to find ξ i . For that taking the dot product of α (4) with N i , we obtain
i are already known, so to find ξ r we have to find u ′′′ i . These derivatives can be found by taking the product of both hand side of (10) (4) are at our disposal. Thus on using the binormal vector b 1 and (18), the second curvature of the intersection curve at P is obtained from the second equation of (7). Since κ 1 , κ 2 and b 2 are already known, the third curvature can be now found from the third equation of (7).
Fourth curvature
To obtain the forth curvature κ 4 , we need to find the fifth derivative of the intersection curve of α at P . Similar to third and fourth derivative of the curve α, we may write
Where, the system of equations for unknowns is
and η i = α (5) , N i . Projecting (12) onto the unit vector N i , respectively, we obtain η i depending on u i all are known. So to find u (4) i taking the scalar product of (11) with Φ i 1 , Φ i 2 , Φ i 3 , Φ i 4 , respectively. Consequently, the fourth curvature of the intersection curve can be found from the last equation of (7).
Darboux Frame, First Geodesic Curvature and First, Second and Third Geodesic Torsion.
In this section, we derive the Darboux frame
, the first geodesic curvature (κ i 1g ) and the first, second and third geodesic torsion (τ i jg ), j = 1, 2, 3 for the transversal intersection curve of 4 parametric hypersurfaces in R 5 .
Definition 4.1. Let M i be a regular hypersurface in R 5 and α be a curve on M i . Then for each i, 1 ≤ i ≤ 4, the function κ ig : I −→ R defined for s ∈ I by κ ig (s) = U ′ i (s),U i+1 (s) is called the i th geodesic curvature function of the curve α and κ ig (s) is called the i th geodesic curvature of the curve α at α(s).
Darboux Frame:
We are able to obtain a natural frame for the intersection curve-hypersurface pair (α(s), M i ), i.e., the frame
by using the Gram-Schmidt orthogonalization process. By assumption the sets α ′ (s) , α ′′ (s) , α ′′′ (s) and α (4) (s) , and
The j-th geodesic curvature κ i jg associated with i-th hypersurface is
The j-th geodesic torsion τ i jg associated with i-th hypersurface is 
First geodesic and j-th torsion geodesic Formulas
Proof. For First Geodesic Curvature
Now using (14), Eq. (30) follows easily.
For the j-th geodesic torsion, we need derivative of
.
Example
Let M 1 , M 2 , M 3 and M 4 be the hypersurfaces given by, respectively
From the linear system of equations in (17), we obtain 
